Introduction
We, in this article try to explore the modification in the known physics given an ultraviolet cut-off in the theory. It seems that in all the theories attempting to combine gravity with quantum mechanics, a natural length/energy scale emerges, i.e. Planck length/energy. This scale acts as a threshold where a new description of spacetime is expected to appear. Doubly Special Relativity (DSR) attempts to incorporate this threshold as an invariant quantity under a relativistic transformation [1] [2] [3] . The motivation of DSR theories is also derived from the observation of interesting effects such as deformation of dispersion relation etc. at very high energy scales [1, [4] [5] [6] [7] . The introduction of an observer independent energy scale in DSR formulation, say κ, leads to such a modification in the dispersion relation of a free particle [1, 2, 8, 9] . The energy threshold also acts as a cut-off on the highest possible energy value in the physical (sub-Planckian) world [9, 10] . In the formulation of DSR by Magueijo and Smolin (MS formalism) [9] this sub-Planckian regime which is characterized by the energy E ≤ κ and the momentum p ≤ κ is the result of the choice of the U −map (this is a map between the standard Lorentz generators and the modified ones resulting in the modification of the Poincare algebra keeping the Lorentz sector intact). This choice of U −map is in sync with the expectation of the emergence of the granular structure of spacetime at Planck scale. Similar cut-offs in momentum and/or energy are seen in other DSR formalisms as well [11] . DSR formalism can also be extended to curved spacetime.
One such extension was proposed by MS and has been since then studied from various perspectives [24] [25] [26] [27] [28] . DSR has also been explored from the point of view of modified/deformed algebra called κ−Poincare algebra [11, [29] [30] [31] [32] [33] . Also, we see similar cut-offs appearing in other candidate quantum gravity theories like noncommutative geometry, string theory, loop quantum gravity and GUP (Generalized Uncertainty Principle) etc. [2, [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] .
Interestingly, as has been studied by many, it is possible to keep the Lorentz group/algebra intact for the DSR theories. On the other hand, the representation of the Lorentz group/ algebra becomes non-linear to accommodate the invariant energy/length scale (for example see [8, 9] and the references therein) as also stated above. Preserving the Lorentz group/algebra keeps the theory simple and intuitive. For our present study, we will follow the DSR formulation developed in [8, 9] by MS where the dispersion relation modifies to,
The Special Relativistic (SR) limit, i.e. κ → ∞ gives the usual dispersion relation,
We will stick to the natural units ( = 1, c = 1, k B = 1) if not stated explicitly.
It is obvious that the modification in dispersion relation and the presence of ultraviolet cut-off in energy introduced in the DSR theory will affect the thermodynamics of many well studied systems [10, 29, [34] [35] [36] [37] [38] [39] . In [10] an extensive study of classical ideal gas thermodynamics has been done using MS formalism. On the other hand [39] studies the photon gas thermodynamics in the same DSR formalism. It should be noted that the study in [39] contains flaws. They have considered the photon gas as a canonical ensemble obeying classical (Maxwell-Boltzmann) statistics.
On the other hand, it is a well known fact that photon gas follows a grand canonical ensemble (due to non-conservation of the photon number) and obeys the quantum (Bose-Einstein) statistics. Because of this error in their formalism, the results obtained do not match with the usual photon gas thermodynamics (for example see section 7.3 of [40] ).
Surprisingly, they match their results to the massless limit of the classical ideal gas thermodynamics in SR. For a photon, the mass being zero, dispersion relation remains same as in the case of SR, i.e. ε = p. The DSR effect for the equilibrium properties of blackbody radiation is basically due to the ultraviolet cut-off κ in energy. We model the blackbody radiation in equilibrium as a grand canonical ensemble of photons obeying Bose-Einstein statistics as usually done 1 . We have also considered the most general possible modification in the phase space measure for exotic 1 While the draft of this paper was being prepared we came to know about a very recent article by Mir Mehedi Faruk and Md. Muktadir
Rahman [41] where they have independently calculated the thermodynamic quantities of a photon gas for the unmodified measure in d dimension. Their article presents a miscalculated result leading to the mistaken analysis and subsequently misleading conclusions. This can be understood with the help of the following arguments:
spacetimes appearing at Planck scale. To list a few examples where similar modification appears, we note that in noncommutative physics, which is one of the quantum gravity candidate, the change in phase space appears as a change in the density of states as discussed in [42] . Another candidate of the quantum gravity theories, namely Loop Quantum Gravity also predicts the change in phase space measure/density of states at very high energies [43] [44] [45] [46] .
We, in this article, being non specific will proceed with the most generalized (isotropic and Taylor series expandable) modification in phase space integration measure. In [10] , a momentum dependent measure has been considered which is a special case of our generalized approach. There have been many interesting attempts to incorporate the additivity of energy and momentum of composite systems in DSR [47] [48] [49] [50] [51] [52] [53] . In this paper, we will not follow any particular prescription as the issue is still not well settled.
The present paper starts with calculating various thermodynamic quantities such as energy density, pressure, entropy etc. with an ultraviolet energy cut-off. Next, we study the possible changes due to the change in phase space measure at Planck scale. We then go on calculating various thermodynamic quantities as energy density, pressure, entropy etc. with such a modified measure. The possible realizations in case of Big Bang and Stellar objects have also been discussed. We have then analysed the low and high temperature limits of all the thermodynamic quantities in both cases. Finally, we have also discussed the possible physical realizations of the results obtained in effective low energy case. In doing so we suggest a very simple and intuitive table top experiment to test our results. We, therefore, have discussed the DSR effects in three scenarios. The general development with an ultraviolet energy cut-off is discussed in Section 2. The modification at Planck scale, as a change in phase space measure, is discussed in Section 3. The Planck scale effects and effective Planck scale effects are studied in Section 4. And finally, the low energy effective cut-off effects has been explored in Section 6. We have also summarized the whole paper at the end.
Some of the results are listed in the appendix, in order not to break the continuity of the paper.
Equilibrium properties of blackbody radiation with an ultraviolet cutoff
In this section, we will see the possible changes in thermodynamic quantities of photon gas with an ultraviolet energy cut-off. The model contains an ideal gas of identical and indistinguishable quanta namely, photons, [40] . There are n ω number of photons each with energy ε = ω. The mean value of n ω is, 1 . As has been shown in this paper (see the discussion after (2.6)) there is a one to one correspondence between photons in DSR and the usual acoustic phonons. The specific heat in case of acoustic phonons has a constant high temperature behaviour (which matches with the classical value given by the well known Dulong-Petit law). On the other hand, one can easily notice the wrong result in [41] according to which the specific heat goes as T 3 for all the temperature values (see equation (40) therein with d = 3).
2. The point mentioned above is just one example. In fact, their expression for the free energy itself is wrong leading to all the results of the paper being wrong. Note that it is questionable to write the free energy in terms of Incomplete Gamma functions. On the other hand, the free energy is related to the Incomplete Zeta functions as will become clear later in our paper. Also, in calculating the free energy, they have removed a logarithmic term (the boundary term in the integration) in a completely arbitrary manner.
Note that this term is very important which will modify the expressions for different thermodynamic quantities like entropy, pressure etc. in a significant manner.
giving mean energy as,
In the large volume limit, the volume of the phase space can be used to find the number of modes between the range ω and ω + dω which are given by,
Note that photons obey the dispersion relation ω = ε = p. Factor 2 comes due to the 2 transverse polarizations of a photon. It is also to be noted that the above expression will get modified when we consider the change of the phase space measure in case of DSR. The energy density distribution therefore becomes,
This is the usual Planck energy density distribution.
Energy Density
Integrating (2.4) from ω = 0 to ω = κ we get the energy density of the photon gas as,
Here we have changed the variable to x = ω T . Note that at finite and non-zero T , as κ → ∞ this expression reduces to the one given in (12) on page 203 in [40] , giving usual law. Also, Z n (x) is the incomplete zeta functions or "Debye functions"(refer to section 27.1 of [54] ), and is given as,
We note that Z n (0) = ζ(n) where ζ(z) is the Riemann-Zeta function, in particular
90 . It is remarkable that (2.5) is exactly same as in the case of acoustic phonons [55] with the replacements κ → Θ D (Debye temperature), 2 (number of photon polarizations) → 3 (number of acoustic modes in monoatomic Bravais lattice) and the velocity of acoustic phonons has to be taken to be equal to 1 for correct matching as we are working in natural units. In case of acoustic phonons the cut-off on the possible frequencies comes due to the finiteness of first Brillouin zone which itself is restricted by the number density of ions in the lattice. On the other hand the energy cut-off κ in (2.5) comes from the quantum gravity considerations. We expect the specific heat
for a photon gas with such an ultraviolet energy cut-off to follow the behaviour of C V as in the case of acoustic phonons. For a mathematically rigorous treatment of Debye theory see [56] . Debye functions Z n (z) are related to the polylogarithm function Li n (z) by (see (16.2) in [57] )
for n > 0. Especially Z n (0) = Li n (0). Here polylogarithm functions themselves can be series expanded for |z| < 1 as (see (8.1) in [57] )
The integral representation of Li n (z) is, for Re(n) > 0, as follows (see (1) in [57] )
In particular Li 1 (z) = − ln(1 − z) (see (6.1) in [57] ). Thus the energy density can be written in terms of Li n (z) as given below
Note that the first term corresponds to the usual Stefan-Boltzmann law. All the other terms modify the law which in turn, will give a correction to the temperature measurements of different stellar objects. These correction terms vanish in the SR limit. Note that the SR limit 1 κ → 0 is nonanalytic in nature and hence the energy density cannot be perturbatively expanded in a Taylor series around this limit. This observation has also been seen in case of classical ideal gas with an invariant energy scale [10] . As the only contribution for a photon gas is due to the ultraviolet cut-off introduced, it is clear that the non-perturbative nature of the modified thermodynamics is a consequence of this cut-off.
Also for all possible temperatures, the argument of the polylogarithm in (2.10) i.e. e − κ T is a positive quantity making (2.7) a positive number which leads to the correction term in the expression of energy density being negative. This fact is clearly visible from the plot of energy density (see figure 2a on page 12) where the plot with modified energy density is always lower than the corresponding SR plot. This fact can also be understood from the integral expression in (2.5) where the integrand is always a positive quantity and a positive contribution
3 dx e x −1 has been removed from the SR value to get the corresponding modified value.
Specific heat
We put U T = u Vac T and use (2.10) along with using the derivatives of polylogarithm given by (see (4.1) in [57] ) ∂ ∂µ [Li n (e µ )] = Li n−1 (e µ ) and obtain the expression for specific heat as,
As we have already seen that the energy density u in the modified case has one to one correspondence with that of the acoustic phonon modes in Debye model, therefore the specific heat
(e x −1) 2 will also follow the same correspondence (see (17) , (18), (19) etc. of section 7.4 in [40] ). Again the SR limit gives the usual result C V = 4U/T ( note that V ac → V in this limit). The extra negative contribution in (2.11) is non-perturbative in the SR limit along with the non-perturbative contributions from the term 4U/T . Obviously, overall C V takes a lower value than the corresponding SR values. This fact is visible from the plot also (see figure 2d on page 12). The behaviour of C V for the full range of T κ ∈ [0, 1] is also shown in the figure 2f on page 12 which certainly mimics the Debye theory. In the Debye theory, however, T may go up to infinity in which case the specific heat goes to a constant value.
Radiation Pressure
The grand canonical partition function for the photon gas (with fugacity z = 1) is [40] 
). In the large volume limit doing integration by parts we obtain,
Thus the equation of state for the blackbody radiation field, i.e., the relation between the pressure and the energy density got modified and goes to the correct SR limit
45
. The explicit temperature dependence of the radiation pressure is given by,
The correction term in the above expression is negative (see figure 2b on page 12 ) and non-perturbative in nature (see discussion in section 2.1).
Entropy
The Helmholtz free energy is given by (the chemical potential µ = 0),
14)
The entropy becomes,
In SR limit, the first term vanishes and the expression goes to the correct result S SR = 4 3
U T SR
(see (19) of section 7.3 in [40] ). As done in case of radiation pressure if we write the explicit temperature dependence of the entropy, the negative non-perturbative contribution will be very apparent which can be seen from the plot as well (see figure 2c on page 12). The decrease in the entropy value for the modified case can be explained by the presence of ultraviolet cut-off which restricts the number of available microstates to the system.
Equilibrium number of photons
The equilibrium number of photons can be obtained by integrating the product of mean number of photons (2.1) and the volume of the phase space (2.3), 
with a 0,0 = 1 as for κ → ∞ we expect f (r, p) → 1. This expansion is valid only when 
R being the radius of the spherical volume considered. Here we have interchanged the double summation and the integration which is allowed if (see appendix A),
Performing the integration over the coordinate space we obtain
where V = 4 3 πR 3 is the volume of the spherical ball of radius R. The accessible part of the volume for the particle is
For the large volume limit the minimum length
which in turn implies
V ac ≈ V . Note that a small volume 4π 3κ 3 is inaccessible to each particle. This inaccessible volume can be extracted out at any point in the space as volume being large, all the space points are equivalent. We have extracted out this volume at the centre r = 0. n ′ ≥ 4 as the powers of 1 V κ 3 increases.
Example: Classical Ideal gas in canonical ensemble
Let us take a particular example of F (ε) to illustrate this further. We consider the classical ideal gas in canonical ensemble obeying Maxwell-Boltzmann statistics with the partition function [40] ,
where Z 1 (V ac , T ) is the single particle partition function, N is the total number of constituent particles, β = 1 T and the total energy E of the system is E = ε n ε ε. Here n ε is the number of particles corresponding to the single particle energy ε and satisfies ε n ε = N . The single particle partition function is given by
In the large volume limit using (3.4) for F (ε) = exp(−β(ε − m 0 )) and following the arguments given in [10] we obtain,
where Z 0 1 (V ac , T ) is the single particle partition function with the unmodified measure,
The expression for Z 1 (V ac , T ) has now non-trivial dependence on V unlike in the case of Z 0 1 (V ac , T ). With this modification the value of thermodynamic quantities, especially pressure, changes. Let's not digress anymore and continue with the study of the photon gas thermodynamics.
We will now consider the change in phase space as described above. This leads to the modification of the energy density distribution as well as the q-potential which in effect modifies all the thermodynamic quantities.
Modified Planck's energy distribution and Wien's law
It is clear that the change in phase space is going to modify the Planck distribution for the energy density of the blackbody radiation. In such a scenario (2.3) modifies to,
Now the Planck energy density distribution (2.4) changes to,
A typical plot of the modified energy density distribution in comparison to the usual Planck distribution is shown in figure 1a on page 10. Let us first express the above distribution in terms of wavelength λ. The energy density between ω and ω + dω or the corresponding λ and λ + dλ is u(λ)dλ = u(ω)dω which implies u(λ) = u(ω)
2π , where ω and λ are related by ω = where,
is a constant and is independent of both λ and T . We then have,
Differentiating with respect to λ we get Thus u(λ) is maximum at λ = λ max which can be found by the extremum condition
(3.14)
It is obvious that the solution of x max is now dependent on T . Thus the value of
λmaxT is no more constant, but a function of T . To understand the behaviour in a better way, we keep the leading order terms in and neglect all the higher order terms i.e.
The extremum condition then becomes
We have plotted this function with respect to x max (see figure 1b on page 10). For a fixed value of y−axis, i.e., a fixed T κ − value the corresponding value of x max can be obtained from the plot. As visible from the plot x max = 2π λmaxT is a monotonically increasing function of T , i.e., f −1 (
is a monotonically decreasing function of T . Note that λ max for modified phase space measure decreases more rapidly with increasing T than the case of unmodified measure where x max = f −1 ( T κ ) takes a constant value. The significant change in the values of x max occurs only if the order of the change in temperature is non-negligible with respect to κ. That is why in SR limit, i.e., 
≤ 1. Thus, the frequency at which the energy density distribution of blackbody radiation at a given temperature peaks, gets a positive correction. Now, suppose we demand at least 1% correction i.e., The plots show the variation of energy density, radiation pressure, entropy, specific heat and equilibrium number of photons with temperature for thermodynamic quantities with an ultraviolet energy cut-off and also with the modified measure. The blue solid, the green dotted and the red dashed lines correspond to the SR, the case with the ultraviolet energy cut-off and the case with the modified measure respectively. As is visible from the plots it matches with SR at low T and with increasing T it deviates from SR significantly. Here κ = 1 and V = 10 35 in Planck units and a 0,0 = 1, a 0,1 = a 1,0 = 0.2 and all other a ′ s are taken to be zero. Note that all the quantities above become approximately linear near T → κ. In the low temperature regime, energy density u and radiation pressure P follow ∼ T 4 behaviour, while the entropy S, the specific heat C V and the equilibrium number of photonsN follow ∼ T 3 behaviour. The behaviour of C V for the full range of T κ ∈ [0, 1] is shown in the figure at bottom right corner, which certainly mimics the Debye theory. In the Debye theory however T may go up to infinity in which case the specific heat goes to a constant value. thermodynamic quantities reduce to the unmodified case for n = 0 and n ′ = 0. Also in the SR limit, we get the usual SR result as expected. The value of the thermodynamic quantities, in this case, can either be less than or equal to (for certain T-values only) or greater than both the SR value and the values in case with only an ultraviolet energy cut-off, depending on the choice of a n,n ′ . To plot these quantities we have chosen the a n,n ′ values in such a way that the value of the modified case is more than the unmodified case and less than the SR case. Though it is not visible in the plot because of the chosen a n,n ′ values, but it is a fact that for certain choices of a n,n ′ the modified DSR value becomes equal to the value of SR at some temperatures and can even overshoot the SR curve. The nonanalytic nature in the SR limit for the case of modified measure is similar as in the unmodified case. The leading order behaviour in the low and high temperature limits are discussed in the next section.
Effects of DSR in Big Bang and cosmology
In this section we will explore the possible effects of the behaviour of DSR photons near the Planck scale with an invariant ultraviolet energy cut-off. To see the physical applicability of the results with such an invariant ultraviolet energy cut-off one has to, in general, probe near the Planck scale. The results can then be used to study the early , but we will not attempt to discuss this here. With the above quantities at hand, we can then solve the Friedmann equations (more specifically FRW equations) and see the possible modification in the known results of the expansion of the Universe after Big Bang at such a scale. This is very involved and a more detailed study can be done separately in future. But we can still consider a scenario where we can see the possible modification near the Big Bang. The FRW and its relation is a standard and well studied cosmology subject. We, for our analysis, will follow chapter 8 of [62] . We will consider the radiation dominated epoch where the modified energy density and pressure is given by (2.5) and (2.12) respectively. With such a modification of T µν , the energy conservation equation (8.54 ) in section 8.3 of [62] gets modified tȯ
We then express u in terms of T to get,
Here a is the dimensionless scale factor and H is the Hubble parameter which characterizes the rate of expansion of the Universe. It is easy to see that the numerator is always less than the denominator. Therefore H HSR < 1 always, where H SR = −Ṫ T , which implies that the expansion of the Universe was at a slower rate in the radiation dominated era than the rate of expansion without such modifications. Because of the slower expansion, all the epochs would eventually get delayed resulting in the modification in the age of the known Universe. In the SR limit the modified Hubble parameter becomes nearly equal to the normal SR one, as κ T is very large, so the correction terms go to zero as expected.
We can also see its application in case of "bouncing" loop quantum cosmology theories (see [63] [64] [65] and the references therein), where normally we consider specific modifications to the spacetime geometry which effectively puts a bound on the curvature and in this way the Big Bang singularity can be avoided. But for such bouncing models, we cannot use the perturbation technique at the curvature saturation, as the energy density of the cosmic fluid diverges. What one can do to still avoid the Big Bang singularity is to consider an inflation model where we can safely use the perturbation theory. Here we have obtained the energy density of the cosmic fluid which saturates to the Planck energy which of course is finite. Then we can combine both the results obtained in this paper and the "bouncing" loop quantum cosmology to study the possible way out to avoid the Big Bang singularity.
Next we consider the DSR photons at an effective lower scale due to other parameters in the theory like mass, number density etc. These parameters may effectively lower the Planck scale such that its effects can be observed in very high temperature and high density regimes. To probe such DSR effects we need to observe the stellar objects with very high temperatures and densities. For example, the astronomical data from gamma ray burst during the merging of neutron stars (which has the core temperature of T = 10 12 K) may give a bound on effective κ value. We can also explore the Chandrasekhar limits and its possible modifications. The application of the theory developed here has been explored in detail for white dwarfs in [66] . It will also be interesting to see if one gets a better bound on κ in case of luminosity calculation of neutron stars using the results obtained for the blackbody radiation in this paper.
The leading behaviour for T → 0 and T → κ
We have plotted various thermodynamic quantities as a function of temperature (see figure 2 on page 12). Let us now analyse the behaviour near T = 0 and T = κ. In the low temperature regime we take T κ = ǫ << 1. The low temperature behaviour is as follows,
Here we have used the fact that Li n (z) → z as z → 0. In the expression for energy density, we have neglected the second term with respect to the first. We can see this by putting x = 1 ǫ and as x → ∞ the ratio of the second term to the first, in the above equation goes to zero. Note that the second term ǫe − 1 ǫ is the nonanalytic piece which makes this limit non-perturbative i.e. this expression cannot be Taylor series expanded in the low temperature limit. Let us consider the energy density relation in the
ǫ . Now assuming that we get at least 1% correction i.e., cathode C, which is enclosed by a spherical anode A and the circuit is completed using a high resistance resistor R. All the radiations above the frequency ν th corresponding to the photoelectric threshold of the cathode are absorbed and will be lost as Joule heating through R. The resistor is continuously being cooled by coolant, shown in blue colour, to avoid the melting of the resistor. The photons below the frequency ν th stay inside the cavity surrounded by the cathode C and behave as acoustic phonons as shown in this paper. The properties of these photons acting as acoustic phonons can be measured by inserting a probe P connected with the measuring instrument.
first term in (2.12) is nothing but
T ). A similar analysis follows for other thermodynamic quantities as well. Thus in low temperature regime, energy density u and radiation pressure P follow ∼ T 4 behaviour, while the entropy S, the specific heat C V and the equilibrium number of photonsN follow ∼ T 3 behaviour. The nonanalyticity in this limit is a general feature of all the thermodynamic quantities. For high temperature, T ≈ κ(1 − ǫ) such that ǫ << 1 which gives κ T ≈ 1 + ǫ. We will expand all the quantities to the leading order in ǫ and finally put ǫ = 1 − 
Effective low energy realizations of the theory
In this section, we present the possibilities of physical realization of the results obtained with an effective cut-off for the photons such that they behave as phonons. As is clear from the description this cut-off might not be invariant which was the case in the other applications discussed above. But this is an interesting case in its own regard, as we have a way to get a bunch of photons behaving as phonons and they can be observed in a laboratory as well. To start with here we will be suggesting a simple table top experiment to test the result obtained in section 2. Note that due to no change in dispersion relation the only effect on the thermodynamics of a photon gas is due to the high energy cut-off.
If one can introduce such a cut-off on the photon energy in some experiment then the photons will start behaving like acoustic phonons. Consider a perfect blackbody (see figure 3 on page 15) surrounded by a spherical cathode which is enclosed by a spherical anode and the circuit being completed using a high resistance. Now, suppose the cathode has the photoelectric threshold ν th such that all the radiations above frequency ν th gets absorbed by the cathode. These absorbed radiations lead to the Joule heating of the resistor which is then cooled by an appropriate coolant. Since, we do not want the heating of the resistor, in any way, to affect the radiations inside the cathode, therefore the cathode may be coated with an insulating material. Another possible alternative is to drill a small hole in anode then connect the resistor outside and far away from the anode where it can be cooled. Now, we are left with photons in the cathode cavity, with energy less than κ = ν th which is the desired cut-off in the theory. We, therefore, have generated photons inside the cathode which mimic acoustic phonons. To observe this we can now drill a very small hole in both anode and cathode, through which a probe, connected to the measuring instrument, can be inserted to test the properties of the photons. To observe at least 1% deviation (see the discussion in section 5) from the usual photon thermodynamics at room temperature T = 293 K the material of the cathode can be selected with threshold ν th = kB T 0.1h = 6.1 × 10 13 Hz (here we have put the actual values of h and k B ). Many commercially available materials fall into this category.
Summary and future works
We started with the DSR formalism by MS where the modified dispersion relation, in order to incorporate an invariant energy scale κ, is given by (1.1). But in the case of photon gas, it is simply ε = p. Since there is a cut-off on the maximum energy and the minimum length, the expression of the thermodynamic quantities changes accordingly. We started by considering a model of a photon gas obeying Bose-Einstein statistics in grand canonical ensemble and went on calculating various thermodynamic quantities such as energy density, pressure, entropy, specific heat and equilibrium number of photons with such an ultraviolet cut-off. We found one to one correspondence between the behaviour of photons with an ultraviolet cut-off and the acoustic phonons in the Debye theory. The Stefan-Boltzmann law got modified which will give correction to the dynamics of many stellar objects. We found that the non-perturbative nature of the thermodynamic quantities in the SR limit is a general feature of the theory with an ultraviolet energy cut-off. We also noted that the values of all the thermodynamic quantities are less than the SR values because of this cut-off. We then studied the change in the phase space measure for exotic spacetimes at Planck scale and discussed the example of classical ideal gas for illustration. We found that the classical ideal gas in case of modified phase space measure has a non-trivial volume dependence in its expression for the partition function leading to the modification in the thermodynamic quantities like pressure accordingly. We went on calculating the possible change in the thermodynamic quantities due to the change in the phase space measure. Because of this modification, Planck's energy density distribution and the Wien's displacement law got modified. Note that all the thermodynamic quantities reduce to the usual SR result in κ → ∞ limit. We have plotted the temperature dependence of various thermodynamic quantities. We can clearly see from the plots of various thermodynamic quantities that we start getting the deviation of the results obtained in the modified case from the SR case at T κ ∼ 10 −1 . We found that the modified Wien's law can be observed at comparatively lower temperature than the thermodynamic quantities. Next, we discussed the possible realization of the modification at Planck scale by considering its effects near the Big Bang. The effectively lower
Planck scale cosmological observations and modifications of DSR have also been discussed. The leading behaviour for T → 0 and T → κ have been analysed. We observed that in the case of modified phase space measure the values of the thermodynamic quantities might be less than, equal to or greater than the SR values depending on the choice of a n,n ′ . As was seen both for the case with only an ultraviolet cut-off and the modified measures, the nonanalyticity in the special relativistic limit is a general feature of the energy cut-off introduced in the theory. In the last section, we have given the possible scenarios of the physical observation of results obtained in effective low energy by suggesting a quantum mechanical table top experiment. Note that the present work only deals with the study of massless bosons i.e. photons, but the analysis can be extended to massive bosons and fermions as well. This will give us an insight into the invariant energy scale effects in well-known phenomenon such as Bose-Einstein condensation and the behaviour of degenerate Fermi gas. This, in turn, leads to the study of the stellar objects such as white dwarfs and neutron stars. It would certainly be interesting to see whether the non-perturbative effects appear in such massive cases too.
Analysis of this paper can be used to study early Universe thermodynamics.
Now we note that | n ′ A n,n ′ | ≤ n ′ |A n,n ′ | ∀n. Integrating over M followed by the summation over n we get,
Taking (A.5) and (A.4) into account in the above inequality we get the first inequality of (A.3). Thus we have proved that (A.2) implies (A.3) and hence if (A.2) is satisfied then the equality (A.1) holds true.
B List of certain results

B.1 Thermodynamic quantities with modified measure
Following what we did in section 2.1 along with using (3.9) we get,
Here u n,n ′ is a general term of the summation. Therefore the specific heat capacity C V is,
The radiation pressure can easily be calculated in essentially the similar manner to get,
This can be related to the energy density as
The Helmholtz free energy is,
And the entropy becomes,
The equilibrium number of photons in modified measure can be estimated in the same way as we did in unmodified case and using (3.8) we have,
B.2 The leading high temperature behaviour for unmodified case
In the high temperature (T → κ) case we get,
, (B.8)
,
(B.11) and
(B.12)
B.3 The leading low temperature behaviour for modified case
The low temperature limit can be calculated as we did in case of unmodified measure to get, where P a and P b is
a n,n ′ n!n ′ ! 4π (3 − n ′ ) 
